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Abstract
In this paper we will perform Bayesian inference for linear regression. The normal
distribution case is considered, hence the distribution of the errors and the multivariate
prior distribution of the coefficients are normal. From these we obtain a multivariate
normal posterior distribution for the coefficients.

1. Introduction

Opposite classical statistical inference, in the Bayesian inference all the involved
parameters are random variables. We start from the formula of Bayes.

Theorem 1 Let (Q,K, P) be a probability field, A,...,A, eK a complete system of
events, and B € K an event. We have

|__PEA)P(A)
jZ_l:P(B|Ai)'P(AJ)

We have a conditional distribution X|¢9, where X is a random variable and & is the

parameter (possible multivariate, as the coefficients of linear regression in this paper).
For & we establish a probability distribution, which is called the prior distribution of 6.

Using the formula of Bayes we find the posterior distribution of QX . Usually, as in this

paper too, the parameter ¢ is considered to be a continuous random variable having the
pdf g(6). The posterior pdf of & is (Preda, 1992; Gelman et al., 2000)

o 9(6)-P(X=x|0=8,)
90X =)= [9(0)-P(X =x[0)do @)

if X is a discrete random variable, respectively

g (90)' f (XI ‘90)
S FORTeorT ®

if X is a continuous random variable with the conditional pdf f (X6).

P(Ale

In the following, we present some definitions (Gelman et al., 2000; Preda, 1992) for
choosing the prior distribution.
Definition 1 The non-informative prior distribution is the prior distribution of the

parameter such that the posterior distribution g(¢|x) is g(X6). Otherwise, the prior
distribution is informative.
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Definition 2 The prior distribution according maximum entropy principle is the prior
distribution with an eventual given prior information, with the maximum Shannon
entropy.

Remark 1 If @ is in the bound interval with the probability one, or is a simple random
variable, the non-informative prior distribution and the prior distribution according
maximum entropy principle without other information are the same: uniform (continuous
or discrete).

In other cases the non-informative prior distribution is improper (we can not have
constant pdf value on R). It can be expressed in some cases as limit of proper prior
distributions.

Definition 3 A family of prior distribution P is called conjugated prior distribution for

the family of pdfs F:{f (x|0)‘ee®} if (vgeP) (VfeF) wehave g(6|x)ep.
A special case of conjugated family of prior distribution is that when P and F are
identical to the normal family (Preda, 1992): if X ~N(6,6°) with known o°, and

0~ N(,u,z'z) then

()

We notice that in the above case, the non-informative prior distribution is the limit
of N(,u,rz) for 72 > .

2 2 2 2
0|X~N(T X+o0°u o't j

2, .2 Vo2, 2
o +7 o +7

Next we define the Bayes forecasted (predicted) distribution.
Definition 4 (Gelman et al., 2000) Consider X|49 a discrete or continuous random

variable conditioned by the random parameter 6. Denote by f(@) the prior pdf of &,
respectively by g(6]X =x,) or by g(6|x) the posterior pdf of 6.

If Y|0 is another discrete random variable, the forecast of Y conditioned on X is
P(Y =y;|x =xi)= jP(Y - yj\e)-g(9|x =x)do
(€]

if X is discrete, respectively
P{¥ =y x)= [P(¥ =0} o(eix)ae
(€]
if X is continuous.
If Y|9 is another continuous random variable, the forecast of Y conditioned on X

(X =x)=[f(y6) g(@)x =x, Jae
if X is discrete, respectively
Fvp)= ] 7(vl0)-glepkio

if X is continuous.
Remark 2 In literature (Gelman et al., 2000) we consider for a Bayesian forecasting



model both random variables X and Y discrete, or both continuous. More exactly, X
(used for inference) is even a statistics on the sample X1, Xa,..., Xn, even the vectorial
random variable (X1, Xo,..., Xn)' For instance, in the normal case X is the expectation,
and in the Bernoulli case X is the number of successes/ fails from a given number of
trials, n.

The random variable Y (to forecast) is Xn+1. But it is not necessary: we can have
for instance a sample about the number of events in the unit time (having Poisson
distribution), and we can purpose to ourselves to forecast the time Y until the next event
(exponential with the same parameter), or vice versa.

In the normal case, consider the sample average X , which has the property that for
any prior distribution of @ , we obtain the same posterior distribution for

0| X,, X,,..., X, and for 9|Y if the variance o of Xi is known. Therefore, in (2) X is

replaced by X and o2 by "TZ Therefore, we take into account that

X ~N (9,%2], (3)
and from here
_ (X-0)
f(X‘H)ocexp - (3)

n

The same relation we obtain for f (Xl,..., Xn|49), hence the sample expectation is
equivalent to the sample in Bayesian inference.
Applying (2), we obtain

2y o o 2. 2
i - X+%-u 1°-0
0 X ~N — . 4
| [ 2'2+—‘T1 n-12+02) @

By computation, it results that the forecasted distribution of X is
_ 2 X 4o, (n+1)-22- 6% + o
X| X ~N (Z— X+ n M ( ) r o o )

(5)

2 )
2'2+"T n-r° +o?

We notice that instead of X we have used for inference a statistics (X in the normal
case), and X is the variable to forecast.

In the above formulae, we have consider the prior distribution of & ~ N (,u,rz) .In

the case of non-informative prior distribution, we have ze R, and 7> — 0. We obtain
_ _ 2
49|X~N(X,G—j,and (6)
n

X|X ~ N(Y,az (1+%D ©

There are three Bayesian estimators of the parameters (Preda, 1992; Gelman et al.,
2000; Congdon, 2001): estimator-mode, estimator-expectation and estimator-median.

First one maximizes the posterior distribution of 6| X,, X,,..., X, . If the prior pdf of



@ is non-informative, the estimator-mode is the classical estimator of maximum
likelihood method (applying logarithm). The same thing we can say in the informative

case, but we add to the log-likelihood the “correction term” Ing(6).
The other two estimators are the estimators ¢, that minimizes for a loss function

u(4,6,) the integral
Ju(6.6,)-9(6X )do. (7)

(€]

For expectation we consider the loss function u(6,,6,)=(6,-6,)", and for median

we take u(6,,6,)=|6,—6,|. In the normal case with known variance, the three estimators

are identical. This is in fact a well-known property of the normal distribution.
Consider the conditional distribution of the vector X in terms of the vector of

parameters & being normal N(6,X,). Consider also the prior distribution of ¢ being k-
variate normal distribution N (z,%,).

The posterior distribution of 0| X is (Preda, 1992; Hamilton, 1994; Koop, 2003)
6 X ~N ((211 +2;1)71(2;1x +3u), (2 +221)1) . ©)
Therefore the multivariate normal distribution family is conjugated prior
distribution for itself. Consider for the above formula instead of X the estimator 6 = X ,
hence X, =1%, where X is the variance-covariance matrix of X, and n is the size of the

sample. In the case of non-informative prior distribution X,* vanishes in the above
formula, and | X ~N (Y,%Z).

2. Methodology

In linear regression we write the matriceal form of linear regression
Y=X-0+e, 9)
where @ is the vector of parameters, and e is the error. Consider e~ N(Ov,aj-ln)
denoting by Oy the vector with n components equal to zero. It results that
Y ~N (X -0,6°- In). Now we take into account that if the vector X ~N(m,X), than

C-X+Vv~N(C-m+v,C-2-C’). We obtain the above relations in the form
(XX)" XY ~N(6,07-(XX)"). (10)

2
u

We consider the cases of known/ unknown variance of residues o . In the first case
we apply the formula (8) and we obtain

O1(XX) " XY ~N(1,Z,), where (11)



ﬁ:zS(ﬁxv +z;1ﬂ)
) , »and (11)
s, :(Azxx +zj)

the prior distribution of 8 is N(1,%,).
If =, is neglectable with respect to %* =— XX, we obtain the non-informative
prior and the non-informative posterior distribution;. In this case
fa=A=(X"X)" XY
{23 =%, =0 (X'X)"
If the variance of the errors &2 is unknown, we apply first (Ciuiu, 2013) Bayesian
inference for & =-%-. We take into account that if we denote by S? the estimator of &’

Ou

(11%)

presented in Jula and Jula (2012) namely the sum of squares of residues divided by
m=n—-k -1 (the number of degrees of freedom), and we consider prior distribution

o ~F(a,b) we obtain the posterior distribution

m 2b
S|S? ~T| —+a,————— |. 12
| ( 2 m-b-S%+ 2) (12)
In the case of non-informative prior distribution we have a=1 and b — oo, and from
here
m 2
S|S? ~T| —+1,— |. 12'

We generate a big number of & (for instance 10000) having the above T’
distribution, and from here ¢ = . Methods to generate a Gamma random variables can
be found in Vaduva (2004).

For each generated & we have to apply (11), (11) and (11"), which is difficult due

to the use of & for estimating Z,.

For this reason we perform first the simultaneous diagonalization of X, :(XX)_l
and X,.
We diagonalize first £, using the method of rotations:

A 0 .. O
, 0 . 0
U *X,*U, = & (13)
0O 0 .. 4,
1
A o .. O
o + .. 0 ,
Considering C, = Ve U’, we obtain CX,C =1,,,. Denoting by
1
0o 0 .. N



¥, =Cx,C,, we perform next the same above method to diagonalize X, :

7 0 .. 0

: 0 27 .. 0
U, *2, *U, = b2 . (13)

0 0 .. 77,

Consider now C=U,C, =U, *(sqrtA) " =U;, which is a change of coordinates

with C™*=U, *sqrtA=U,. Of course, (sqrtA)_1 is the above diagonal matrix in (13").
We reduce in this way the problem to k+1 independent normal variables having the
expectations 9j and variance &, and the prior distributions for éj being N (ﬁj,rf).
We have denoted above
0=C=A
{ (14)

fi=Cxu
3. Application

Example: Consider the linear regression between X =D(SNN ), the difference between

the current value of net income and the previous, and Y = D(EP), the same about the
household savings. The data are (Jula and Jula, 2012) from January 1997 and August
2003. The linear regression obtained in (Jula and Jula (2012) is

Y =0.903487+3.23- X .
For Bayesian inference consider for prior informative distribution of coefficients g

having the values 0.5 and 2, and for x4, having the values 2 and 5 (four possibilities).

o . 0.1 0.02 1 -05
For the same prior distribution we consider X, = or ,=
0.02 05 -05 7

(two possibilities). For the informative prior distribution for 6 = — consider two cases:
(o)

a=1 and b=3, and a=5 and b=100. Of course, consider also for coefficients and ¢ non-
informative prior distributions. For forecasting Y if X is given consider X=-1.202,
resulting from reducing the income in September 2003 by 25%.

Using our C++ program we obtain the linear regression
Y =0.90342 +3.23042- X,
with the variance of the errors o2 =1.19539. It results the variance-covariance matrix
[ 0.01768 —0.04565)

' -0.04565 0.81747
If we consider known variance of errors o =1.19539, we obtain the following results.



Table 1: The results in the case of known variance of the residues.

Prior i i ; . Forecasted Variance
Prior X Posterior equation Posterior X3 of
H Y forecast
, , _ 0.01768 —0.04565
Non-informative Y=0.90342+3.23042X 0.04565 0.81747 -2.97954 2.5039
0.1 0.02 _ 0.01369 —0.01307
105, | 1002 ] Y=0.88482+2.57542X 001307 0.3027 -2.21084 | 1.67783
b=2 1 05 _ 00172  -0.04105
05 7 j Y=0.90377+3.09606X 0.04105  0.73185 -2.8181 | 2.36865
0.1 0.02 _ 0.01369 —0.01307
105 | (002 05 j Y=0.78923+4.42205X 001307  0.3027 -4.52607 | 1.67783
b=5 1 05 _ 00172  -0.04105
05 7 j Y=0.88895+3.41221X 0.04105  0.73185 -3.21253 | 2.36865
01 OZJ Y=1.00977+2.19478X 001369 = =001307) | ) aas | 1 67783
a=2, | \0.02 05 —~0.01307  0.3027
b=2 1 -05 _ 0.0172  -0.04105
05 7 j Y=0.92556+3.11352X 0.04105  0.73185 -2.81689 | 2.36865
010 ozj Y=1.00418+4.0414X 001369 = =001307) |, oroeg | 1.67783
a=2, | \0.02 —~0.01307  0.3027
b= ! _0'5] Y=0.91114+3.42967X 00172 = =004105) | 51135 | 236865
-05 7 —0.04105 0.73185

In the above table the coefficients have the prior distribution normal of expectation
u and variance-COvariance matrix Xo. The posterior values of the coefficients are seen in
the column "Posterior equation™, and the posterior variance-covariance matrix is 3.
In the case of unknown variance of the errors, we compute first the posterior

parameters of o = !

2 H

and next we generate 10000 variances of residues such that 6 has

the above posterior dlstrlbution ['(a;,b; ), as in Vaduva (2004). The estimator-expectation

for o2 is equal (by simple computation of E( j) to

for the same parameter is

1
(al + 1)b1

(

1
a, -1, '

. The estimator-median is the generated value on the

position 5000 after ordering the generated variances increasing.
If the prior distribution for coefficients is non-informative, we generate for each
generated o a set of coefficients normal with expectation A and variance-covariance

matrix X, =o

2(x'x )t

and the estimator-mode

. For this we perform the Cholesky decomposition X;=L*L’,




0.12162 0
—0.31403 0.7650

decomposition as in Vaduva (2004).

If we consider informative prior distribution for coefficients, we have to
diagonalize simultaneously (X’X)? and X2. The eigenvalues of (X’X)* are 0.68602 and
0.01262, with the eigenvectors (-0.05681, 0.99839) and (0.99839, 0.05681). If

[0.1 0.02 0.72365 0.4574]

2 he

“1002 05 04574 8.20719)

eigenvalues of B are 8.23504 and 0.6958, with the corresponding eigenvectors (0.06078,
0.99815) and (0.99815, -0.06078). The matrix C is

where Lz( J. Each normal vector is generated using this

J we obtain  B=A7'UZ,UAL :(

e 8.86733 0.57804  (0.10908 -0.05378
C=U,ATU,; = , C = . In the other
—0.06869 1.17243 0.05663 0.82501
1 -05 4 4, (10.25817 —1.68194
case, X, = we obtain B = A7'U,Z,U A = .
-05 7 —-1.68194 76.29079

eigenvalues of B are 76.3336 and 10.21535, with the corresponding eigenvectors

(-0.02545, 0.99968) and (0.99968, 0.02545). The matrix C is
1 8.8868 0.47487 a 0.11331 -0.04418
C = U 2A1 Ul = f C = .
0.15761 1.21787 —0.01466 0.82682

Other results are presented in the following tables.

Table 2: The results in the case of unknown variance of the residues having non-

informative prior distribution for 6 = —-

(o)

Prior p Prior X2 elzfr?a?c]: ; Posterior equation Fore::(asted
expectation Y=0.902+3.23607 X -2.98776

Non-informative mode Y=0.76269+3.39509 X -2.83583
median Y=0.90266+3.22653 X -2.97625

0.1 0.02) | expectation Y=0.88442+2.57631 X -2.21231

j mode Y=0.92771+2.5072 X -3.212

a=05, | \002 05 median Y=0.88542+2.57442 X 22.20748
b=2 0.5) | expectation Y=0.9053+3.0875 X -2.80588
05 j mode Y=0.96836+2.77777 X -2.40933

median Y=0.90369+3.09174 X -2.81391

0.1 0.02) | expectation Y=0.78922+4.40509 X -4.5057

mode Y=0.63002+4.60562 X -4.11863

a=05, | \002 05 median Y=0.79091+4.39889 X 449261
b=5 0.5) | expectation Y=0.89041+3.41234 X -3.21122
05 ) mode Y=0.8138+3.90468 X -3.87164

median Y=0.89103+3.40728 X -3.20297




0.1 0.02) | expectation Y=1.09666+2.20397 X -1.55251

j mode Y=1.08941+2.18817 X -1.51472

a=2, | \002 05 M dian Y=1.09384+2.20764 X ~1.56098
b=2 1 —05) |EXpectation Y=0.92411+3.11851 X -2.82433
05 7 j mode Y=0.84079+2.16802 X -2.49065

' median Y=0.92246+3.11852 X -2.82034

0.1 0.02) | expectation Y=1.00469+4.04444 X -3.85673

002 05 j mode Y=0.9859+3.47216 X -3.81219

a=2, : ' median Y=1.0049+4.04686 X -3.86468
b=5 1  _05 expectation Y=0.9092+3.44817 X -3.2355
05 7 j mode Y=0.90921+4.03666 X -3.55674

' median Y=0.9094+3.44974 X -3.23115

In the above table the posterior distribution of & is T'(a;,b; ), where a;= 39.5 and

bi= 0.02173. The estimators for the variance of the errors are: expectation= 1.19539
(equal to the classical non-Bayesian estimator), mode= 1.13636 and median= 1.17769.
The variance-covariance matrix of the coefficients, the variance of the forecast, the

skewness, the kurtosis and the Jarque-Bera statistics are presented in next table.

Table 3: The variance, the skewness, the kurtosis and the Jarque-Bera statistics in the
case of unknown variance of the residues having non-informative prior distribution for

1

5:—2
Variance Jaraue-
Prior p Prior X of Posterior X3 Skewness | Kurtosis Bgra

forecast

Non-informative 1.28481 0.03272 3.12377 | 8.16752
0.12054 0.80052) | 503719 | 3.1204 | 8.34475
01 002 001395 00653 | 0.04607 | 311167 | 8.73362
0.48598 -0.00634 | 3.0661 | 1.88722
a=05 | \0.02 05 0.0653 0.30564) | (00945 | 3.05858 | 1.57862
b=2 Y 001684 0112541 | 0.04811 | 3.10578 | 8.52021
1.20113 -0.01344 | 3.08877 | 3.58423
-05 7 0.11254 07524 ) | 01127 | 3.10605 | 4.89765
0.49775 0.03205 | 3.00543 | 1.72448
a=05 | \0.02 05 0.06527 0.31033) | 504917 | 3.00881 | 4.06205
b=5 1 o5 001691 0.11054) | -0.03908 | 3.06402 | 4.2536
1.15873 002341 | 3.00127 | 0.91397
-05 7 0.11054 0.72319) | 90186 | 3.00095 | 0.57715




0l o002 001407 006555 | 0.06195 | 3.06412 | 8.10984
0.49435 -0.0078 | 3.00247 | 0.10393

a=2, | \002 05 0.06555 0.30569) | (01357 | 2.99903 | 0.3072
(L 08) | e | (001701 012080) | BORIT | SO | s
05 7 ' 0.11089 0.72252) | 001171 | 3.08735 | 3.40727

0l o002 001441 006699 | 0.05217 | 3.08159 | 7.30996

0.48921 -0.00174 | 2.98621 | 0.08428

az2, | \0.02 05 0.06699 03078 ) | 00533 | 2.94807 | 1.17123
(L 08) | gy | (001734 01309 | LOE | oeeta | 330195
-05 7 ' 0.11399 0.74946) | (0129 | 3.1019 | 4.60416

If the prior distribution of 6 is I'(a,b) with a=1 and b=3, we obtain the following results.

Table 4: The results in the case of unknown variance of the residues having informative

prior distribution I'(1,3) for 6 =

2

(2

Prior n Prior X2 e-ls-'silfr?a?gr Posterior equation Fore;:(asted
expectation Y=0.90462+3.21102 X -2.95502
Non-informative mode Y=0.91052+3.11991 X -3.2143
median Y=0.90641+3.20315 X -2.94888
0.1 002 |Expectation Y=0.88605+2.57625 X -2.2106
j mode Y=0.78981+2.05943 X -1.97638
a=05, | \0-02 05 ) M adian Y=0.88635+2.56989 X 22.20346
b=2 1  _05 expectation Y=0.90253+3.1066 X -2.83161
j mode Y=0.99002+3.4427 X -3.10217
05 7 median Y=0.90117+3.10656 X -2.82846
0.1 0.02) | expectation Y=0.79142+4.42331 X -4.5254
j mode Y=0.84444+4.33848 X -5.13967
a=05, | \002 05 median Y=0.79151+4.4191 X 452123
b=5 1 _05) | expectation Y=0.89008+3.40873 X -3.20721
j mode Y=0.74635+3.50713 X -2.93714
05 7 median Y=0.89169+3.39708 X 23.19727
0.1 002 |Expectation Y=1.09851+2.20222 X -1.54857
002 05 j mode Y=1.0137+2.73461 X -0.64828
a=2, ' ' median Y=1.09661+2.19882 X -1.54981
b=2 1  -05 expectation Y=0.9235+3.12162 X -2.82869
05 7 j mode Y=0.86342+2.96136 X -2.69014
' median Y=0.92134+3.13337 X -2.83712

10




|

a
b=5 (

01 002 | expectation Y=1.00453+4.04013 X 3.85172
j mode Y=1.13824+4.30146 X 23.17165

0.02 05 median Y=1.00366+4.02535 X 23.84249
1 —05) |EXpectation Y=0.91068+3.42253 X -3.20319
o5 7 j mode Y=0.86797+3.60831 X 13.97759
: median Y=0.91012+3.42496 X -3.2029

In the above table the posterior distribution of & is F(al,bl), where ai;= 39.5 and b=
0.02157. The estimators for the variance of the errors are: expectation=1.20405, mode=
1.14459 and median=1.1861. The variance-covariance matrix of the coefficients, the
variance of the forecast, the skewness, the kurtosis and the Jarque-Bera statistics are
presented in next table.

Table 5: The variance, the skewness, the kurtosis and the Jarque-Bera statistics in the
case of unknown variance of the residues having informative prior distribution I"(1,3) for

1

5:—2

O

Variance
. . . . Jarque-
Prior p Prior X of Posterior X3 Skewness | Kurtosis Bera
forecast

001783 01231 | -0.10684 | 322999 | 41.06329
Non-informative 1.36424 0.02383 | 3.01217 | 1.00832
01231 0.85132) | 50ogoa | 3.02781 | 1.65139
01 002 001386 00647\ | 0.00722 | 3.04319 | 0.86395
0.47879 0.00906 | 3.0066 | 0.15499
a=05 | \002 05 0.0647 0.30223) | 501588 | 2.98524 | 051127
1.14641 -0.00228 | 3.04413 | 0.82
-05 7 0.11098 0.71572) | 400525 | 3.03792 | 0.64509
01 002) | (i1 | (001383 006563) | o rrr | 300796 | 0.00078
a=05 | \002 05 0.06563 0.3118 ) | 00504 | 3.01164 | 0.0989
b=5 Y 001723 0.11236) | -0.04468 | 3.03789 | 3.92547
1.17598 -0.00238 | 3.04879 | 1.00147
—05 7 011236 0.73292) | 50023 | 3.05768 | 1.3952
01 002 0.49841 0.01424 0.06636 %%23233 gggggé 13221‘;8324956
a=2. | \002 05 0.06636 0.30997) | 03906 | 3.04594 | 3.54052
b=2 Y 001729 0.11235) | 0.06616 | 3.09164 | 10.79397
1.17152 -0.03702 | 3.02242 | 2.49355
-05 7 0.11235 0.73078) | 03381 | 3.01972 | 2.06709
0.1 0.02 0.01363 0.06465) | 0:0674 | 3.05432 ) 8.80024
0.48433 0.07647 | 3.00935 | 9.78269
a=2, | \002 05 0.06465 0.30678) | 57687 | 3.02117 | 10.03462
b=5 Y 001743 0.11304) | 001129 | 3.04995 | 1.2521
117571 .0.01176 | 3.07646 | 2.66637
-05 7 0.11304 0.73335) | 01547 | 3.06436 | 2.12478
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If the prior distribution of & is I'(a,b) with a=5 and b=100, we obtain the following

results.

Table 6: The results in the case of unknown variance of the residues having informative

prior distribution I'(5,100) for ¢ = S
o

2

Prior pn Prior X3 e-ls-gfr?a?gr Posterior equation Fore;:(asted
expectation Y=0.90602+3.222 X -2.96682
Non-informative mode Y=0.91852+3.01862 X -4.28484
median Y=0.90551+3.2231 X -2.96909
0.1 0.02) | expectation Y=0.88955+2.60535 X -2.24208
j mode Y=0.80773+2.343 X -2.00258
a=05, | \002 05 median Y=0.88952+2.59521 X -2.22985
b=2 1  _05 expectation Y=0.90328+3.10354 X -2.82718
05 7 ) mode Y=0.76664+3.30917 X -3.14709
' median Y=0.90341+3.09839 X -2.82437
0.1 0.02) | expectation Y=0.79518+4.38207 X -4.47207
002 05 j mode Y=0.80805+3.68571 X -3.69925
a=0.5, ' ' median Y=0.79515+4.37829 X -4.46633
b=5 1 _05) |expectation Y=0.88778+3.40671 X -3.20708
05 7 j mode Y=0.90815+3.65811 X -3.5421
' median Y=0.88737+3.39824 X -3.1964
0.1 0.02) | expectation Y=1.08552+2.2447 X -1.6126
mode Y=1.00806+1.6076 X -0.95069
a=2, | \002 05 M dian Y=1.0845+2.24497 X 7160956
b=2 1  _05 expectation Y=0.92318+3.11577 X -2.82198
05 7 ) mode Y=0.9032+2.96871 X -2.34143
' median Y=0.92288+3.11475 X -2.81843
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01 002 expectation Y=0.99421+3.99631 X -3.80935

( 002 05 ) mode Y=1.03466+4.36445 X -3.58907

a=2, ' ' median Y=0.99387+3.9957 X -3.80432
b=5 1  _05 expectation Y=0.91176+3.4123 X -3.18983
(—O 5 7 j mode Y=0.91484+2.1325 X -3.35303

' median Y=0.91135+3.40977 X -3.18364

In the above table the posterior distribution of & is T'(a;,b;), where ai= 43.5 and by=
0.02172. The estimators for the variance of the errors are: expectation=1.08312, mode=
1.03444 and median=1.06547. The variance-covariance matrix of the coefficients, the
variance of the forecast, the skewness, the kurtosis and the Jarque-Bera statistics are

presented in next table

Table 7: The variance, the skewness, the kurtosis and the Jarque-Bera statistics in the
case of unknown variance of the residues having informative prior distribution I'(5,100)

1
for 6 =—
0_2

Variance Jaraue-

Prior p Prior X» of Posterior X3 Skewness | Kurtosis Bq
era

forecast
Non-informative 1.16201 0.01559 010652 88%?13 gég?gé 121.5200562822
-1 IV . . . .

0.10652 0.72808) | 5913 | 3.06821 | 2.22004
01002 0.46006 0.0125 0.06007 -8'8(1)4312?1 g%gfg gsiggi
a=05, | \002 05 0.06007 0.28883) | () 0351 | 3.0841 | 2.96861
TE(108) | e | (00158 010313) | DO | SO0 | 3
05 7 0.10313 0.67342) | 00797 | 3.10368 | 4.58495
01 002) | (oo | (00125 006007) | R | e | 3erise
a=05, | \002 05 0.06007 0.28883) | 0481 | 3.05061 | 4.92375
- 105 1.06263 001532 0.10078 8'82833 g.éé;gg i'ggig;
05 7 0.10078 0.66341) | 3 03991 | 3.06407 | 4.36482
01 002} 1 sgg7g | [O-01307 0.00198 06007307314 23907367968 ggiigg
a=p, | \002 05 0.06198 0.29414) | 03672 | 2.96349 | 2.80265
- 105 1.08491 001589~ 0.1034 %%i%gzzz g%iéi %%ig
—05 7 01034 067304) | 0474 |3.12117 | 9.86196
b=5 | 002 05 0.06158 0.29697) | oo | Sanass | 56108
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010424 06773 0.0138 | 3.08937 | 3.64543

(0.01605 0_10424] 0.02511 | 3.05715 | 2.4117
-0.00879 | 3.08589 | 3.20246

L2051 oevag
05 7 '

4. Conclusions

For Bayesian estimation and Bayesian forecasting we consider first X|0 for
estimation and Y|0 for forecasting. The common approach is to consider a statistics
instead of X and a random variable instead of Y. In the case of Bayesian regression we
have considered in this paper the forecast using regression from Jula and Jula (2012). The
different approach in the two cases of known/ unknown variance of residues have been

considered because the classical statistics for coefficients (X 'X)_1 is not compulsory.

That's why we perform the simultaneous diagonalization to reduce the multi-parameter
Bayesian inference to a uni-parameter one.
Due to the Monte Carlo methods, the forecast is equal to A, + A - X with X=-1.202

only for estimators-expectation, and close to this value in the case of estimators-median
of coefficients. In the other case (estimators-mode) the differences arrise from the method
to estimate the mode for a mixture distribution: the coefficients and forecasts are ordered
increasing, and the mode is for all three values the middle of the smallest interval.

We notice that the posterior variances (the posterior variance-covariance matrix of
coefficients and the variance of forecast) in Table 1 do not depend on prior X, hence
posterior X3 and the variances in the last column are the same with period two, except the
case of non-informative prior. The explanation is that the posterior variances do not
depend on prior expectation of coefficients. That’s why for the same X2 we have the same
Y3 and the same variance of forecast.

The same thing in the case of informative prior coefficients can be said about X3,
and the small differences arrise from the Monte Carlo methods. Moreover, the values of
Y3 do not depend on the prior distribution of the variance of errors, namely non-
informative, I'(1,3) and I'(5,100).

We notice also that in Table 1, the results are closer to the non-informative case for

1 -05
>, =( 05 7 J when the covariance does not change the negative sign from

( 0.01768 - 0.04565}

17~ 0.04565 0.81747

For the Jarque-Bera test, we compare the Jarque-Bera statistics with the quantile
Xao0s =5.991. For Table 3, where the prior distribution of the variance of errors is non-

informative we have two cases with all Jarque-Bera statistics non-significant: prior

1 -05
in both cases, and
-05 7

the prior coefficients (0.5,5), respectively (2,2). We have also one case, when the prior

variance-covariance matrix of coefficients being X, =(
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expectation and variance-covariance matrix of coefficients are non-informative, for
which the Jarque-Bera statistics for slope A1 and the forecast are significant, and that for
intercept Ao is non-significant. For the other six cases, the Jarque-Bera statistics is
significant only for Ao.

For Table 5, where the prior distribution of the variance of errors is I"(1,3) we
0.1 0.02
0.02 05

with all all JB statistics significant, and four cases with JB statistics significant only for
intercept Ao: prior non-informative coefficients, prior coefficients (0.5,5) and
[ 0.1 0.02

0.02 0.5

the JB statistics are non-significant.
For Table 7, where the prior distribution of the variance of errors is I"(5,100) we

have only four non-normal cases. In the case with prior coefficients (2,2) and prior

notice first that we have a case, namely prior coefficients (2,5) and Z, :(

, = ) , and both cases of prior coefficients (2,2). In the other four cases all

-0.5

non-significant, and the other two ore significant, and in three cases only the Jarque-Bera
statistics for intercept is significant: non-informative prior coefficients and X2, prior
1 -05

-05 7

variance-covariance matrix X, :( 7' J the Jarque-Bera statistics for intercept is

coefficients (0.5,5) and Zzz(

0.1 0.02
%, = :

0.02 05

An explanation of decreasing the number of non-normal case could be the
"distance” from non-informative prior variance of residues. If we define the distance

j, and prior coefficients (2,2) and

between two prior distributions of & =— as the Euclidean distance between the pairs

o

(a, %j , where the prior parametyers of & are a and b. In the case of Table 3, this distance

is zero, in the case of Table 3 the distance is 3 (a=1 as in the non-informave case), and in

the case of Table 7 dist =+/16.0001 = 4.0000125 . Perhaps a consistent prior information
means known variance of errors, when obviously we have normal distributions. An open
problem is to test what happens if we increase the distance, if we increase only a, or only
1

B.
. . . : - 0.1 0.02
For prior variance-covariance matrix of coefficients X, = and

0.02 05

-05 7
to the non-informative case. The explanation is from the correlations: -0.37972 in the

1 -05 L I -
2, :( ] we notice different behavior, in the last case obtaining closer results
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0.1 0.02
non-informative case with known variance of errors, 0.08944 for X, :( j , and

0.02 05
1 -05
-0.18898 for X, = 05 7 |
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